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308 PROBLEMS AND SOLUTIONS. 

which is a function, /(a), of the independent variable a. Differentiating, and setting the deriva- 
tive equal to 0, we have 

„, . _ 6Va(2a' - rrf) _ 
1 W ~ (4a 2 - m 2 ) 8 ' 2 ~ "• 
Whence a = or m/V2. 

f'(a) increases continuously as a increases beyond m/V2. Hence, the least ellipse which 
will inclose the four bricks will be the one in which a is as near m/V2 as possible. The smallest 
value of a is given when the eDipse passes through the point B, this value being greater than 
i»/V2. 

It is perhaps evident that the least ellipse passing through B would pass through A also. It 
could be proved in the same manner as the first case. 

The equation of the ellipse through B is 



(?)" 



-+-^-=1 or -^-+^ = 4. 

Solving this simultaneously with the equation derived by substituting the coordinates of A for 
a and 6 we have 

1 ,'35 , 1 '35 

Hence the area vab is 

35irV6 

If allowance is made for mortar on all sides of each brick the solution is unchanged except 
m and n are increased by the thickness of the mortar. If the allowance is made at the joints of 
the four bricks but not at the points A and B, these points are ((m + £)/2, (3n + 20/2) and 
((2w + t/2), n/2) where t is the thickness of the mortar. 

MECHANICS. 

317. Proposed by CLIFFORD N. MILLS, Brookings, South Dakota. 

Show that the maximum area contained between the path of a projectile and the horizontal 
line is t^^S/Sg 1 , where v is the velocity of projection. 

Solution by Elijah Swift, University of Vermont. 

If the particle is projected in a direction making an angle a with the horizontal, the equations 
of motion are, t being the time, 

x = v cos a-t and y = v sin a -t — \gP. 

Equating y to zero, we find the path cuts the horizontal line through the point of projection when 

, 2u sin a 

n j , 2" sin a an. • • u P'~ — a — j 2k 4 cos a sin 3 at , . , . , , 
t =» and t = . The area is given by J " ydx — 5-= , which is to be a 

maximum. Setting the first derivative with respect to a equal to 0, we find a =5 60°. The maxi- 

»*V3 
mum value of the area is then = -=-£ (s 2 being incorrect as given in the problem). 

Also solved by J. L. Riley, W. C. Eells, Theodore Howard, Paul Capron, 
H. L. Agard, Horace Olson, H. S. Uhler, and Elmer Schuyler. 

318. Proposed by C. w. SCHMALL, New York City. 

Given an inclined plane making an angle <p with the horizontal. A perfectly elastic ball is 
projected upward at an angle tp with the inclined plane, so as to ascend it by bounds. Show that 
as the ball rebounds for the mth time, the angle of inclination of its path to the plane is 

, . tan >j/ 

tan ' ' 



(r= 



2n tan <p tan ^ , 
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and if it rebounds vertically upward, then 

cot i/ = (2ra + 1) tan tp. 

Solution by Immanuel Klauff, Chicago, 111. 

The equation of the path is, if we let <p + if* = a, 

y = x tan a — — f — r— . 
2v 2 cos 2 a 

The given inclined plane intersects this parabola at Pi and the slope of the parabola at Pi is 

( -J* 1 = 2 tan <p — tan a = tan w. 

The angle of inclination of the first rebound is 

«i + *> = 71. 
where &>i is the complement of a. We have 

tan wi + tan tp _ tan tp — tan a _ tan a — tan tp tan \p 



tan 71 = 



1 — tan wi tan tp 1 + tan a tan tp 1—2 tan 2 tp + tan *> tan tp 1—2 tan ^ tan <p ' 



The analysis for the subsequent rebounds is the same; the angle of projection with respect to 
the inclined plane is for the nth rebound 



y n = tan -1 



tan ip 

tan $ \ 

1 — 2ra tan $ tan tp ) ' 



1 — 2(n — 1) tan ^ tan tp 
1 2 tan ^ tan <p 



= tan" 1 1 



1 — 2(n — 1) tan \fr tan tp . 

If the ball rebounds vertically, we have 

, , . . , tan ij/ tan tp 

tan (y„ + p) = 00 or 1 — z jr— —7 = 0. 

' 1 — 2n tan 4> tan ^ 

Whence, 1 — (2n + 1) tan <p tan ^ = 0; and cot <l> = (2n + 1) tan tp. 

Also solved by H. S. Uhleb, Horace Olson, and the Proposer. 

NUMBER THEORY. 
185. Proposed by B. ». CARMICHAEL, Bloomington, Indiana. 

Obtain the complete solution of the equation 0(p a ) = <p(qP) where cp denotes Euler's 4>- 
function, p and q are unknown primes, and a and $ are unknown integers. 

Criticism by T. H. Gronwall, New York City. 

The solution of this problem on page 227, Volume XX, September, 1913, is 
open to criticism. From the equation: 

p-\ V - 1) = q*-\q - 1), 

where p and q are primes, and p > q, it follows that 

p — 1 = X/ -1 , q — 1 = Xp a_1 

where X is a positive integer. Since q < p, the second equation shows that a = 1, 
and consequently X = q — 1, 

p = 1 + ( ? - l)^-i, 



